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Abstract

In this paper we generalize the models of diffusion of new products in a multifirms,
heterogeneous and interacting agents environment.

We discuss the possibility of product failures, the set of equilibria, their stability
and we close with some hints over welfare properties.
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1 Introduction

The analysis of the processes of diffusion is very important under at least two different
perspectives. First of all, scholars usually talk about new products, but it is very simple
to generalize conclusions to the adoption of new technologies, of new behaviours, and of
new strategies (in the game theoretic sense) enlarging dramatically the focus. Secondly, it is
multi-disciplinar in essence: the literature that studied the problem spans from management
to sociology, from psychology to the multiple economic approaches.

The literature discussed both the conditions that favour or hamper the diffusion, eventu-
ally bringing it to failure or success; and the speed of diffusion, looking at the fundamentals
of the potential patterns and in particular the possibility of an epidemiologic-like S-shaped
curve.

We think that there exists some necessary building blocks. The first keywords is un-
certainty: the novelty of goods (or ideas, tecnologies, behaviours etc.) implies that agents
choose under some forms of conjecture over the unknows parameters, as in standard bayesian
approach (Jensen 1982, Feder and O’Mara 1982, Tsur et al. 1990, Chatterjee and Eliash-
berg 1990, Young 2006). The second one is heterogeneity: the individual models should
be different, since they sum up conjectures, previous learning, a priori ideas (Abrahamson
and Rosenkopf, 1993; Cowan and Jonard 2003 and 2004; Lopez Pintado and Watts, 2006).
The third one is interaction: the learning of agents (from the past and from other agents)
shapes the overall process, making it path dependent, allowing for non deterministic re-
sults (lock in) and finally culminating in multiple equilibria (see Arthur 1994, Amable 1992,
Agliardi 1998, Aoki and Yoshikawa 2002, Young 2007).

In Bogliacino and Rampa 2008, we developed a setup, based on bayesian techniques,
which includes risk aversion and a demand-and-supply interaction: the former is important
because in the context of individual models, the emergence of information is likely to play
a role in shaping the confidence of agents and this can be captured through the use of
individual precisions; the latter allows to free the analysis from the one sided approach of
all the literature, and to focus not just on consumers’ uncertainty over quality, since it is
also natural to assume firms’ uncertainty over their own demand.

In this paper we generalize those results analyzing multiple goods together, abandoning
the monopoly and moving towards monopolistic competition. Moreover, we still provide
purely analytical results, characterizing the full set of equilibria, without relying on sim-
ple simulations exercises, which in the end gives only partial understanding of the overall
process.

The paper proceeds as follows: Section 2 describes the demand side, Section 3 the supply
one, Section 4 presents and discusses the main results, Section 5 concludes.



2 The Consumers

The individual consumer maximizes her utility choosing the level of consumption of each
one of n new goods over whose qualities she is uncertain. Following standard bayesian
setting, we assume consumers to be endowed with a prior over the quality, defined by
two hyperparameters p;; and 7;4, respectively a mean and a precision (the inverse of the
variance in this language, see DeGroot, 1970) that evolve through time being updated using
Bayes’ rule. We assume also additively separable preferences. From now on j stands for
the consumer, going from one to M, i stands for product, going from 1 to n and finally ¢ is
time, ranging discretely from zero to infinite.

We can represent consumer’s problem in the following way:
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where w is the income endowment, which can be equal through them.

The f(+) is the way in which quality of each good impacts over the choice. In particular,
as in the one good framework of Bogliacino and Rampa 2008, we assume that they satisfy:

82U/(8$j7i 3)\1) >0 (2.1)

meaning that the consumer wishes to purchase more if quality is higher, for given price;
and

PU/(0x,; ON2) < 0 (2.2)

i.e. the consumers are risk averse in quality: this suggests that a higher variance of quality
tends to depress (expected) marginal utility and hence consumption, for given price. In
Bogliacino and Rampa (2008) u(-) = (-)® and f(\;) = A — exp(=X\;), with A\; ~ N(ps,7),
where p; is unknown and r known. The individual prior is also normal, and allows us to
use the properties of the conjugate family. The advantage of the specification of the f(-) is
threefold: it satisfies the two conditions (2.1) and (2.2) above and allows us to pass through
the expected value, using the fact that because of the normality and the exponential, the
f(-) is log-normal; finally, whenever

A < exp(—\;)

it should be meant that the consumer will not purchase any positive quantity of the good.
This last property is useful to check the effects of noisy quality signals to the consumer,
eventually addressing the possibility of lock-in: i.e. the failure of a diffusion of a “good”
product.



The quality of the good should be deemed either as a constant, such that through times
the consumers learn and converge to the real value, with the interest standing in modeling
the diffusion curve (e.g. to microfundate an epidemiologic or concave pattern), or as a
random variable, affected by production or delivering process, such that the eventuality of
a noisy signal can impact on the system.

A note on the timing: the consumer makes her choice using the all the information
available, which is captured trough her posterior. Of course all the new information refers
to the choices at ¢ — 1 and the hyperparameters relevant for the choice at ¢ are p;;—1 and
Tj7t_1'

Standard maximization implies the following individual demand curve:
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and total demand for the good is just the summation over the j index. The interpretation
is straightforward: each consumer purchase a share of its total expenditure which dependes
on the price quality ratio over the average of the bundle of goods.

Using the properties of conjugate families (DeGroot 1970) the posterior parameters for

a normal-normal couple (being respectively the likelihood and the prior) are pretty simple
to calculate: B
Tit—1fit—1 + M

it P 7 and Tt = Tit—1 + 1My (2.3)

the above equation simply tells us that consumers average their own ideas and the sample
mean of quality from the new observations (the new purchased by consumers, assuming
that they publicly announce the quality observed), the weight being the relative precisions
of the two measures. Moreover, through time the individual precision grows linearly: as one
can imagine, given the assumptions over the quality-risk-aversion, this raise through time
the demand, for a simple informational effect.

3 The Firms

The firms interact in monopolistic competition, each producing at a marginal cost equal to
¢;. Each firm is uncertain over her own demand: to make things as simple as possible, we
assume that she conjectures a linear demand defined by two parameters, a constant and
the coefficient of its own price. She maintains the hypothesis that the distribution of the
two parameters is a normal bivariate: the mean and the precision hyper-parameters of this



distribution at date ¢ are as follows!:

m;, = ( Qi t ) and T, = ( Vi, (1) Vi(12,t) )
’ Bit ’ Yi,(12,6)  Viy(2,t)
where ; ¢, Bit, Vi1, and 7, (2,) are positive. Since the firm has surely no reason to conjec-
ture any particular initial value for the correlation among the two mean hyper-parameters,
we assume ; (12,0) = 0. For notational easiness we put v; 1,0y = i1 and 7; (2,0) = 7i2- Since
each firm correspond to a product (as in standard monopolistic competition) we use the ¢
index to define the firm, so we call f;+(a,b) ¢ firm’s conjecture at date t.

As in the previous setting, the timing is the following: the firm announces the price
before observing demand, hence uses its (t — 1)-conjecture, formed observing demand at
time (¢t —1).

The firm chooses the price so as to maximize expected profit, E;;—1(Q¢|pit) - (pit — ¢i)-
Therefore, from standard First Order Condition in monopoly, the price announced at date
t is? L ed
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and expect the following demand:
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Qf,t(pi,t) = (3.2)

We neglect any capacity constraint, assuming the firm can meet all demand.

The updating process of her conjecture is following standard bayesian rules: the firm
average the prior and the result of a recursive OLS estimation. We follow the same steps as in
Bogliacino and Rampa 2008: define the row vector xj = [ 1 —ps ] ; given our assumptions,
one has®:

—1
m;; = [I‘i,tﬂ + Xi,tX;,t] [I‘i,tflmi,tfl + Xz’,tQi?t] (3.3)

and
;= [Fi,t—l + Xi,txg,t} (3.4)

"We assume that the conditional distribution of @ given a,b and p has known precision equal to 1; if this
precision were different from 1, the matrix of precision would be multiplied by its value. Things could be
generalized, but this would be immaterial for our results, since firm’s expected profit does not depend on
precisions, given risk neutrality.

Tt must of course be the case that a;/8; > ¢, otherwise the firm would not find it profitable to sell
anything.

3See De Groot 1970, chapter 11.



By simple algebra, (3.3) can also be written as
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In a nutshell, the above expression tells us that the new parameters are equal to the
previous period ones, corrected for the prediction error (adjusted for the new precision).

4 Equilibria: Main Results

The system can be fully characterized in terms of the hyperparameters of the firms and the
consumers. The risk aversion of the consumers make them sensible to all piece of information
available: as time goes by, they increase their precisions raising their demand. For this
reason, the system show path dependence and irreversibility and the relevant equilibrium
concept is the steady state one, which in this setup has an interpretation in terms of the
stability of the conjectures of the agents: it is in fact a conjectural equilibrium.

Define first u;t = [ Widt - Hjngt ] and ’T;-’t = [ Tilt - Tingt ], the vectors
of a consumer’s hyper-parameters at date t. Then extend it to all consumers: p, =
[ it - MMt ] and T = [ Tt - TMg ] In order to do the same for firms, de-

fine 72775 = [ Vi) Va2 Yi(124)  Yi(2.8) ], the vectorization of matrix I'; ;, and in the
same spirit v} = | i - Ty |. Simmetrically we can define:

/ / "/
m¢ = [my¢, Mo, ..., My |

Finally, call y; = [ p; 7; mj =} |. We can compact all in the first order difference
equations:

yt = F(yi-1) (4.1)

which completely describes the diffusion dynamics. A conjectural equilibrium is a fixed
point of this map?.

First of all, we remind the main results from the previous paper.

Proposition 1. Suppose that the quality is a normal process and suppose that demand for
a good i is positive at time t. Then, there exists positive probability of failure of the i product
at time t + 1.

“All the proofs of the main results (Propositions 2 and 3 and Lemma 1) are available from the authors
upon request, in a large mathematical Appendix.



Proof. See Bogliacino and Rampa 2008. O

The argument runs as follows: at every time ¢ we can build a complete ordering over
the set of consumers in terms of a function of their hyperparameters: the higher the value,
the higher the quality expected. If a signal is such biased as to drive below the threshold
the most optimistic consumer (remember that A < exp(—\;) implies no purchase), then
all demand is driven to zero. But then no information is made available to update and
consumers are locked-in at zero demand®.

We now come to more general results. Once let the individual precisions to diverge, an
equilibrium is such that the consumers’ means converge and firms conjectures cross the true
demands, in a way that the prediction error is zero. We can fix the ideas over the dynamics
in expected value, i.e. with the signal always equal to the true quality. If this is true, using
a Law of Large Number argument we can guarantee that consumers converge to the true
quality levels. At the same time, defining:

gi(myg) = th — X My
we can write the following equilibrium conditions:
gr(me) = [g1,:(my), ~-7gn,t(mt)]/ =0
a set of n equations in 2n variables: the following Proposition 2 holds.
Proposition 2. There exists a n-dimensional equilibrium manifold in the space of agents’

parameters.

A natural questions is then the stability of equilibria along the manifold. We should
stress that we study stability at ¢ < oo, i.e. at what we called finite time. Being the system
decomposable and given the convergence to one of the eigenvalues of the consumers’ blocks
of the jacobian, the stability along the manifold depends entirely on the firm’s block, i.e.
the impact of the firms’ parameters (through prices) over the others. We can prove the
following Proposition 3.

Proposition 3. Along the equilibrium manifold at finite time, the equilibria where conjec-
tured demand is more elastic than the true one are locally unstable.

Proof. In Appendix. O

The intuition for the result can be seen in the following Figure 1. One can see an
equilibrium in A, where the firm maximize profits (given the conjecture) and there is no
prediction error. From the definition of equilibrium, (p*,@*) are common to both the

5 Another point we discussed in the previous paper, which is valid also here is the possibility of concave
or logistic diffusion curve depending on the initial conditions, for a discussion see also Young 2007.
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Figure 1: An equilibrium with conjectured demand more elastic than the true one.

true and the conjectured demand, so higher elasticity means that the derivative is higher
(in absolute value) along the conjectured one, such as in A. At the opposite, a B-like
equilibrium is one where the true demand is less rigid than the conjectured one.

We should look carefully at the (3.5): in presence of excess demand the firm’s updated
parameters grow, adjusting her conjecture towards a more rigid curve, the opposite for
excess supply.

If we look at what is happening in a neighboorhood of A, we can see that a smaller
price, such as p! generates excess supply, while a greater price, e.g. p”, excess demand. It
is then apparent that the firm will adjust moving away from the A equilibrium. Similar
reasoning for a B-like equilibrium shows that in this case there exists a basin of attraction.

This type of instability is local, in the sense that we are looking at a linear approssima-
tion, thus in a neighborhood of an equilibrium, and it is caused by eigenvalues greater than
one.

However, in finite times we can still see instability, of the oscillatory type (at least an
eigenvalue less than —1) in the opposite case, but this property is smoothed by the passing
of time and the instabiility is rapidly reabsorbed.



Lemma 1. In equilibria where the conjectured demand is more rigid, there can exist os-
cillatory instability as long as t < oo and small, and with provided that firms’ individual
precisions are low.

Proof. In Appendix. O

Finally we can add some minor results in terms of welfare. In Bogliacino and Rampa 2008
we analyze both welfare and stability along the manifold. In this case the n-dimensionality
makes things complex: we have a problem of identifying the relevant direction along the
manifold, and we cannot block n — 1 firms, since moving one price obviously implies change
in all expenditure shares. We leave this point for further research. However, this multiple
goods setup allows us to analyze also the degree of diversification of the decentralized
economy, although under some stricter assumptions.

Proposition 4. In equilibrium with endogenous number of firms (positive fized cost of
entry) and identical quality goods, there is over[respectively under/-diversification, if for the
marginal firms (defined as that who fix the price at the lowest level) the true elasticity is
greater [lower] than the conjectured one.

Proof. Let introduce a fixed cost of entry equal to F'. In order to calculate the optimal
degree of diversification, we need to fix price equal to marginal cost p = ¢, introduce lump
sum taxation for an amount nF'/M for each consumer (reducing her income to y — nF/M)
and maximize the indirect utility function in n.

The demand for identical quality goods is:

pl/(671)f1/(176)

QD = M(y - nF/M) np5/(5*1)f1/<176)

— M(y —nF/M)/np

the indirect utility function is (once replacing p = ¢)
nt e OMO f(y — nF/M)°

massimizzando in n we get the following first order condition (which is also suficient due to
strict concavity of the indirect utility function):

n = (1= 6)My/F = 2 ¥ (er) !

The equilibrium condition with endogenous number of firms is a zero profit condition
for the marginal firm, defined by the p price, where p = min{p;|p; = p}}, given the equality
of marginal cost and quality (and convergence of consumers’ conjectures in equilibrium):

O‘_Cﬂ@_p

(-Q=F— 2
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by simple algebra
* My a — Cﬂ _ M?J

 F a+cB  Fec

Over(under)-diversification is the case n* > n® (n* < n°). Replacing for the two expres-
sions above completes the proof. O

The interpretation is fairly obvious: provided efficiency of the full information case,
% > 1 in equilibrium makes the firm less able to appropriate surplus, pushing entry. The
opposite with :—Z < 1.

Thus, interestingly s = 1 is not only stable, as in Bogliacino and Rampa 2008, it is also
efficient in terms of diversification!

A Note: the result is partly dependent on the form of the utility function: in general the
relation between the optimal degree of diversification and the one with perfect information
depends on how the preferences affect the mark up, since it is related with the ability of
the firm to appropriate the surplus (see Dixit and Stiglitz 1977, Tirole 1988, Bertoletti et
al. 2008). In this case, the isoelastic case guarantees efficiency. However we can always say
that the ratio among the two elasticity (the true and the conjectures) allows us to define
over and under diversification w.r.t. the perfect information case, but in the general case
we cannot say any longer that the perfect information one is also optimal.

5 Conclusions

This work characterizes a monopolistic competitive market where firms innovate introducing
new products in an environment where they are uncertain about demand. At the same
time, consumers are heterogenous in their expectations about quality. Through time there
is interaction inter and intra market sides, which shapes the learning process and the final
pattern observed.

This setup is fruitful since it allows for analysis of diffusion, failure and welfare. Moreover
heterogeneity, interaction and analytical tractability coexist. We characterized analytically
the set of equilibria (as one can expect, equilibrium it is not unique).

Further research includes the use of more sofisticated firms (oligopoly or conjectural
variations models) and the characterization of the welfare properties along the manifold.
Of course the model can be simulated to see different diffusion curves and how they vary
from initial conditions.
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